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Introduction ‘

when it 18 possible to make reasonsble asmmptmﬁ; about the
depth, size, shape, and magnetization of a three-dimensional body
vhich cannot sensibly be represented by a simple geometric form,
recourse must be made to approximation calculatioms.

The iﬁethpd presented here emables one to calculate the aero-
ma.gnetici anomaly .of thxtge-dimensiénal bodies of arbitrary sbhape with
the aid of graticules éonshmcted for each of seven inclinations of
the eax%h's magnetic f:}eld. This method. continues to find use when
only a few cozﬁputed points are desiréd, even though elaborate com-

puter programs and machinery may be aveilable.
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A prelimirnary account of the method was given by Henderson
(19€0). A more ccmplete account is given in the 8.E.G. Mining
Volume {Henderson and Wilson, 1963) where plates 1-7 are presented
at small scale for photographic reproduction. The purpose of this
release i1s to provide access to large scale negatives of the plates
from which positive prints can be made on transparent medias at 1:1
or larger scale. The method is explsined here as it applies tq three
fundamental cases; it is also shown how the chart for inclination
I = 909 can be used in gravity calculatiéns.

The charts

In asromegnetic work the camponent of the total magnetic inten-
sity anomaly in the dlrection of the earth's total fleld vector is
represented by AT. The graticﬁles are baséd on the formula for the
AT ancmaly at a point (see figure 1) caused by an elemental semi-
infinite vertical cylindrical sector at unit depth below the plane
of observations and magnetized by induction in the earthts field.
The point P at which the effect is to be determined is taken as the
origin of a right hand ccordinate system with x positive towards
magnetic north and z positive downward. All lengths are presumed
to have been divided by the depth so that in the discussion which
follows the radius r is a dimensiorless ratio. The AT anomaly per
unit magnetization at P due to the element ia
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In (1) k is the magnetic susceptibility of the element and T, is
the magnitude of the earth's normal field. Using (1) and requiring
that each element on a chart have the same prescribed valus (AT/k Tyo)

= a ,- . ealled the chart constant, we constructed graticules for use
at magnetic inelinatiams I = 0%, 20°, 30°, 5%, &0°, 75°, and %0°.
For a glven inclination an @ was chosen which would make the chart

convenient to use, but where possible it was made a preassigned deci-
mal fraction of the half-space anomaly, (/0/k T,) = v (2 sinaI -
cos‘?I). The constants and plate mwbers for the various inclinations

are given in Table 1,
Tabls 1

% Plate NMumber

i

A, S o i ok e

Inclination

45°

&O

(F]

Q in gammas
per unit meg-
netization

0.0031h

0.00312

0.00393

0.00565




A typical polar chart, for I = 45°, 18 shown in Figure 2. Each
complete element contributes at the center a total magnetic intensity
erffect of 0.00312 gamma: per unit magnetization. The elemepntal
value was not always contained in the extrema ranges of @ an integral
muber of times, hence some elements have less than full value. A
number inserted in a fractional element indicates the percent of a
full value it receives. For exsmple, the mmber 38 appearing in an
element, mesnas that it receives 0.38 of a chart value.

Account must be taken of the algebraic sign of elements. In
general, positive and negative areas are set off by broken lines, and
are indicated by + and - signs. For I = 0”7 and I = 20° there 15 a
central area enclosed in a heavy circle in which all the elements are
negative. OQutside this clrcle there are positive areas north and
south and negative areas east and west. From I = 30° to I = 75° there
is one positive area north and one negative area south on each chart.
The positive area increases from chart to chart with the inclimation
wmtil at I = 900, the elements are all positive.

Because the ruled radial lines become dense in the neighborhood
of the center and tend to obscure 1ts exsct location a small area
about the center has been arbitrarily deleted fram emch chart.

The charts can be reproduced on a transparent medium at any
convenlent secale; however, for this report we have chosen a standard

scale of 1/2 inch equals a depth unit. -



Use of charts
The application to a basic semi-infinite body will be explained
in detail. The extension to other vodies is but a corollary.

Semi-infinite vertical eylinder

Consider a vertical cylinder whose upper base, enclosed by a
regular contour €, as shown in Figure 3, 1s at depth z,, and whose
lower base, for the mcment, is infinitely remote, i.e., the depth
extent is infinite. Suppose that the inducing fleld has an inclina-
tion I = 60° and a magnitude T_; that the susceptibility of the
cylinder exceeds that of the surrounding material by an amount k,
and thet the ancmaly is to be ccmputed at points Py, Pps and P3.,

We use the graticule at I = 60°. The comtour Cy together with the
pointa Py, P, Py is plotted at a scale zg = 1/2 inch. A stralght
line in the direction of magnetic north is drawn through each of the
points. The chart 1s cemtered at a point to be computed, say Py,
with its megnetic axis pointing toward: magnetic north. The elements
covering the area within the comtour are counted with regard to

sign, i.e., a positive element receives a positive count, 8 negative
element receives a negative count. The interior portioms of ele-
ments cut by the contour Co are given a proportionate fractional
count. The positive and negative counts are added algebraically.
8\19&:053 the summed count is N (z,). Then the anomly at P, in gammas
per unit magnetization is #N{z ). For I = 60° (see Table 1), 0=0.00393.



The ancmaly in garmas is then
AT = kT, (0.00393) N (2o)
The chart would be similarly centered and alined and the cover-
ing elements counted at any subsequent points such as P, and P3.

Finite cylindrical bodles; laminae

Suppose the cylinder in Figure 3 haz a finite depth extent, %,
with lower base at 27 = zg + % as shown also in Figure 3. To compute
its anomaly at Pl, we calculate the ancmaly of & second semi-infinite
cylinder, this time with the depth to the "upper” base equal to 5
and subtract the effects of the second from the first. The same chart
can be used on the second cylinder if we adjust the scale of its con~
figuration so that zj = 1/2 inch. The configuration consisting of the
contour together with all the points to be computed is so reduced to
scale. The configuration reduced about P, is shown in Figure 3 with
points to be computed now shown in primed notation. The chart is now
! in tumn. Let N (z,} be the mmber of counts

3

for the lower semi-infinite cylinder at Pi, then the anomaly due to

used at P{, Pa', and P

the finite cylinder will be
& = kT, (0.00393) (N (3,) - ¥ (2,)],
N {zo) belng the mummber of counts determined for the seme pcint for

the upper cylinder.



When the depth extemt, t, is much less than the depth of burial
Z, we have the case of a lamina. Laminse and the superposition prin-
ciple are the bases for the general three-dimensional case discussed
below.

Three-dimensional bedy of arbitrary shaps

A three-dimensional body may be approxdimated by a set of flat
Yying laminse and represented by a contour map. The laminae need
not have the same thickness; in fact it is consistent with the atten-
v;ntiou properties of anomalies to take the layers thicker for increas-
ing z. This results in more rapid computations.

The layered body is initially contoured with Z, a8 chart depth
as shown in Figure 4a. Configuration reductions to scale are made
at each depth z; and the computations for each layer are performed
as explained above. If N(24_.3, 4} is the mmber of counts at P due

to the i-th layer, j.:hen the effect due to the entire body 1s

4

AT = kTaZ N(Z., ) where N(zo., .):zNUZj-NCz)

]

and ¢ 18 the chart constant.

In cases where the three-dimensional body bas consldersble depth
extent and would involve too many laminse, it is preferable to conceive
the body as cortposed of a nest of vertical (not necessarily circular)
cylinders. The chart is then used at the top end bottom of a central
cylinder and at the tcpa and bottoms of several surrounding cylindrical
shells. In this way the computations may be effected more rapidly.



Gravity calculations

At inclination I = 90°, equation (1) for a magnetic element
reducesa to
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The right member of {2} is a numeric which can be shown to be
proportional to g, the vertical component of gravity at P due to an

element dz unite thick. More precisely, for a mass element
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vhere G is the gravitational constant, and £ is the density of the
element. In view of the equivalence of (2) and (3), the chart at
I= 900, with some change in concept, may be used in three-dimensional
gravity ealculations. In fact, it becomes simply a sclid angle chart
not unlike one designed by Lachenbruch (1357) for certain heat con-
duction problems. The accuracy of the I = 90° graticule as a solid
angle chart can be readlly established by applying it to a circular
disc and comparing the resulting values with those given by Masket
and Rodgers (196€2).

The gravity application is well known and needs little or no
elsboration. The body is divided into horizontsl laminse, but the
chart is used at the median plane (Pigure lc) rather than at the

top and bottom of a lamina, and the depths z; are to this plane.



The chart elememt is 2.089 x 1072 milligals per meter per wnit dem-
sity. The gravity ancmaly for s lamina is then

g = 2.089x107 7o (23) dzy
where N (zy) i{s the mmber of elements counted at the median plane.
In a mathematically rigorcus sense, the lamina should have infinitesi-
mal thickness, but practically, it need not be so. HNettletom (1542)
discusses the error due to finite thickness in certsln special cases.

For an approximation to the gravity effect at P due to the entire
vody, one could add up the effecis of the various laminae, l.e.,

2g = 2.089x107° ‘;y (z4)fdz,
The density , 1 has been placed after the sumation sign to allow for
layerwise changes in density.

For more accurate values of the gravity effect one can follow
Talvant and Eving (1960) and perform a numerical inmtegration after
determining ¥ (z4) at the varicus levels. It should be cbserved
that our expression ?:.0891:3.0“5 o (z) corresponds to the V of
Talwani and Ewing (1960). Their three-level system of inmtegration

p

can therefore be used once the values 2.089x10 ° pf (z)} have been

determined.



Practical application

The following illustration of an application to a semi-infirite
cylinder of irregular horizontal section is due to John W. Allingham
of the U. S. Geologlical Survey. Figure 5 is an sercmagnetic map of
the Pea Ridge ancmaly in Washington County, southeast Missouri. The
erystalline basement rocks are gverlain by about 1,100 feet of Paleo-
golc sedimentary rocks. The buried contact between the rhyolitic vole-
canlc rocks and the granite host rock, shown in heavy cutline, was
inferred from the magnetic map by the method given by Vacquier et al.
{1551). The magnetic susceptibility of the granite was determined
from drill hole samples and from outcrops in the peighboring St.
Francols Mountains. Susceptibilities for the volcanic rocks were
based on subsurface measurements in the Indlan Creek area and in the
area of Pilot Knob. Drilling has established the existence of a mag-
netite ore dody. The shape of the body shown in the rectangle is
essentially conjectural. The chart for I = 7‘j° at & scale one inch
equals one depth unit was used to compute profile A-A' as discussed
sbove for a ve'rtical cylinder, except that the body here 1s camposite.
The seperate profiles camputed for the voleanic rocks and the magnetite
body in Figure 6, when combined, give an snomaly which closely fits the
obsexrved profile. In view of the ambiguity of such interpretations,
this can only be reg’arded as one of many possible solutions.

For practical examples of "layer cake” type of approximations to
three-dimensional bodies, the reader is referred to Henderson (1560}

or Allingham and Zietz (1962).
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Figure 1. Elementel semi-infinite vertical cylindrical sector in

relation to coordinate system. The effect at P 18 the
basis of the charts.
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Figure 6. An interpretstion of Pea Ridge anomaly



